Inspired by recent advances in the manipulation of atoms trapped near 1D waveguides and proposals to use surface acoustic waves on piezoelectric substrates for the same purpose, we show the potential of two-dimensional platforms. We exploit the directional emission of atoms near photonic crystal slabs with square symmetry to build perfect subradiant states of 2 distant atoms, possible in 2D only for finite lattices with reflecting boundaries. We also show how to design massively parallel 1D arrays of atoms above a single crystal, useful for multi-port output of nonclassical light, by exploiting destructive interference of guided resonance modes due to finite size effects. Directionality of the emission is shown to be present whenever a linear iso-frequency manifold is present in the dispersion relation of the crystal. Multi-atom radiance properties can be obtained from a simple cross-talk coefficient of a master equation, which we compare with exact atom-crystal dynamics, showing its predictive power.
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Engineering the interaction between discrete and continuous variable degrees of freedom has proven a key ingredient for many quantum information processing platforms. Prominent examples are e.g. 2D Coulomb crystals of trapped ions, where vibrational quanta of the ions' motion are used as channel to effectively induce spinspin interactions with tunable distance dependence [1] [2] [3] . Tuning long range couplings in 1D ion chains, has allowed for propagation of correlations in the regime where the effective-light-cone picture does not apply [4, 5] . Recently, excellent control of interactions between atoms and light in 1D waveguides has been shown [6] , leading to observation of many atoms superradiance [7] . This has spurred theoretical proposals to use the engineered properties of light to mediate strong long-range atom-atom interactions both in 1D [8] and 2D photonic crystal (PC) lattices [9, 10] . Another promising platform is based on surface acoustic waves (SAW) on piezoelectric materials [11, 12] , acting as mediators between e.g. quantum dots, trapped ions, nitrogen-vacancy centers, or superconducting qubits. While coherent interactions are useful for quantum simulations, radiative interactions not only expand the toolbox of quantum optics, but have important practical implications for quantum networking [13, 14] or quantum memories [15] [16] [17] .
In this Letter we focus on emitters coupled to 2D periodic structures, which can be described as tightbinding models for photons or phonons, because they allow richer features than 1D lattices. The physics of this problem is generic enough that it can be applied to e.g. 2D Coulomb crystal of trapped ions [1] [2] [3] , PCs with nearby trapped atoms [6] [7] [8] [9] , 3D printed photonic circuits [18, 19] , trapped-ions near piezoelectric substrates [11, 12] , cold atoms in optical lattices [20] , or even circuit QED architectures [21] [22] [23] [24] . We focus on directional emission in 2D periodic lattices [25, 26] , explaining its origin and generality. This is exploited, together with reflecting boundaries [27] , to show a great variety of * Electronic address: fernando@ifisc.uib-csic.es dark-state multi-atoms configurations. These architectures are in principle amenable to be used for the creation of steady state many-atom entanglement [28] , to create multi-photon states in a controlled way [29] and expands to 2D platforms the toolbox of atom-light quantum optics. In particular we show how to build, in a rectangular configuration, a dark state of ∼ N x N y /4 atoms formed by radiatively independent 'lines' of ∼ N x /2 atoms each. The latter is equivalent to a multi-1D setup, useful for parallel multi-output generation of N-photon states [30] . For Ω close to the band's frequency edges, black and orange lines, isotropic emission ensues. We will work with Ω = 0, i.e. the middle of the band (red line), where directional emission is known to occur [25, 26] . c) Example of directional emission pattern for Ω = 0, and initial state of two emitters |ψ = (|01 +|10 )/ √ 2. We plot the population |c r | 2 of each lattice's site at early times.
Finite lattice.-We study the interaction of a two-unit, bosonic or atomic, quantum system coupled to a periodically structured bosonic substrate such as that of Fig. 1a (a PC lattice is represented) . For a squaresymmetry tight-binding lattice the dispersion relation reads ω k = −2J(cos k x + cos k y ), Fig. 1b . Two identical and independent emitters can be either bosons,
. We consider local coupling to the structure
[from now on, the bosonic case follows directly by substitution of σ − j → a j and σ
A k , where f r, k is the spatial profile of guided mode k in the lattice (see below). The annihilation operators A( r) for the light field (atoms interacting with PC) or surface displacement field (SAW case), are evaluated at the positions of the emitters r 1 and r 2 .
In the case of atoms coupled radiatively to a photonic crystal we will study the 1-photon case. This case already shows many interesting features and a rich variety of dark state configurations. In the single-excitation sector, the exact dynamics can be computed numerically (see [31] for analytic results in the infinite lattice case) even for strong atoms-lattice coupling, by the Schrödinger equation i∂ t |ψ t = H|ψ t (we set = 1) and noting that the total state of e.g. two emitters is |ψ t = c 1 (t)|10, 0 + c 2 (t)|01, 0 + k c k (t)|00, k (with the single excitation being in emitter 1, 2, or in mode k of the lattice, respectively). The real-space amplitude in the lattice is c r (t) = k f r, k c k (t), Fig. 1c ,. We show that the full dynamics is easily understood in terms of a master equation, valid only in the weak atoms-lattice coupling limit. After a standard Born-Markov treatment [32] , the dynamics with a lattice at T=0, is given bẏ
We define the cross-talk Γ c= Γ 12 = Γ 21 and the individual decay rates Γ 11 , Γ 22 . After a very short time compared to the inverse atoms-lattice coupling, all coefficients in the master equation reach a constant value [25] , and the cross talk becomes
, with k Ω denoting the lattice's pseudomomentum manifold resonant with Ω [33] . Modelling the PC in Fig. 1a by a tightbinding approximation with reflecting boundary, we take
Such reflecting boundary conditions have been experimentally demonstrated in [27] , by using Bragg mirrors. Note that the cross-talk Γ 12 is the 1-photon propagator between positions r 1 and r 2 and thus also gives a good idea of what the emission pattern of atom i is at point r j (and vice versa). Its time dependence accounts for the build-up of a communication bridge between quantum emitters [25, 34] . In the case of a finite-sized lattice, individual decay rates depend on the position of the emitters but after a negligible transient stabilize around Γ 11 ≃ Γ 22 =: Γ 0 . The dynamics is then diagonal in the operator basis σ
For continuous variables in the bosonic case Γ c = ±Γ 0 is known to lead to preservation of entanglement asymptotically [25, 35] . The closest Gaussian state analogue to the atomic Bell states consist in having one quadrature x ± in vacuum and the other one x ∓ squeezed. If the squeezed quadrature has zero decay rate it will lead to preserved entanglement.
Radiative directional coupling.-When emitters are resonant with the middle of the band Ω = 0 they display purely directional emission along the diagonals of the lattice (see Figs. 1c, 2a) [25, 26, 31] , a scenario in stark contrast with the widely considered isotropic case. This pseudomomentum manifold k y = ±(π − |k x |) contains four van Hove singularities [36] in the infinite lattice case and leads to divergent decay rates within perturbative treatments [31] . In the finite lattice case there is no such problem. For a square-symmetry lattice the origin of directional emission is the presence of a frequency-degenerate iso-energy manifold of momenta which presents a straight line shape in momentum space, Fig. 1b . Using the coordinates k ± = (k x ± k y ), we can fulfill ω k = Ω = 0 for k + = π and any k − . This implies that along direction x + the cross-talk is a periodic (non-decaying) function , whereas along x − we have an incoherent sum of many periodicities related to each k − , and thus a decaying function. This is easiest to see in an infinite crystal, where radiation through plane waves would result into the sum e iπx+ dk − g(k − )e ik−x− , with g(k − ) the density of states with momentum k − , i.e. a plane (non-decaying) wave along x + and an incoherent sum of plane waves in direction x − , yielding a decaying function. Thus, rather generically, directional emission exists whenever there is a straight iso-frequency manifold. This happens for square and triangular lattices (also their higher-dimensional analogues) as well as for graphene [37] . Notably, introducing a small hopping term beyond first neighbors along diagonals of the lattice leads to ω k = −2J(cos k x + cos k y ) − 4J cos k x cos k y . The last term introduces curvature in the formerly linear shape of the iso-energy manifold, leading to shorter-ranged radiation pattern. Hence, even for a periodic lattice directionality is not immediate.
Complete subradiance.-Dark states (perfect subradiance) can arise among distant atoms in 1D where Γ (1D) c /Γ 0 = cos(k Ω x) [7, 25] due to wave confinement. In 2D isotropic media Γ (2D) c decay with distance. Furthermore, it was noted in a recent paper [31] that even in structured infinite 2D media, no subradiant configuration of two atoms exists. Even in the case where directional emission is exploited, destructive interference is only possible along the 'line-of-sight' between atoms, whereas the orthogonal direction can emit freely (see Fig. 1c ). Thus the best situation one can obtain is Γ (2D) c /Γ 0 = 1/2 for two atoms, or perfect subradiance for four atoms [31] (which now can cancel both propagation directions). Reflecting boundaries [27] in the configuration of Fig. 2b , however, allow for closing of both emission lines, Fig. 2a , and thus total cancellation (|Γ c /Γ 0 | = 1) at four points, allowing for complete subradiance for atom pairs. In Fig. 2a,c we show the exact dynamics of atoms, in agreement with the prediction from the cross-talk function. Apart from a retardation effect J · t 40, due to the buildup of Γ c which requires wave propagation between both emitters, dark states can be created at arbitrary distances.
Tilted configuration.-The remarkable interplay of geometry and boundaries can be appreciated by rotating the square-symmetric lattice by 45
• , Fig. 3b . The dispersion relation now reads ω k = −2J cos k x cos k y and directional emission occurs along horizontal and vertical lines. There is however some peculiarities associated to this configuration: first, from the argument given before, note that directional emission in e.g. the horizontal axis x requires that ω k is constant for a given k x at all k y , and remember that k x is discrete. The only way to have constant ω k for some value of k x irrespective of k y is to make ω k zero, which happens for k x = π/2, i.e. l x = (N x + 1)/2. This can only be fulfilled if N x is odd, otherwise l x / ∈ N. Note that in the non-tilted configuration we do not have this problem [42] . So we can only have a 'good' directional emission pattern for odd number of sites. We will in the following consider a rectangle with N x = N y , but both of them odd (a rectangular configuration in the non-tilted case would lead to multiple bounces, beyond the scope of this work). The second peculiarity is that directional emission can only occur if one atom is placed in an odd position with respect to the wavevector which causes directionality: take e.g. directional emission along x, which needs k x = π/2 (l x = (N x +1)/2), thenf n, k ∝ sin(πx/2) sin[πl y y/(N +1)] with x ∈ N. Thus whenever the x of one atom is at even sites, it has null overlap with the modes possessing directional emission, which is thus suppressed in that direction. This can be used to devise linear emission patterns, as in Fig. 3 , where two atoms see a cross-talk Γ c /Γ 0 = sin(πx 1 /2) sin(πx 2 /2), i.e. alternating sign every 2 sites (and null cross-talk if any one of them is at an even site). From the behavior of concurrence [38] in Fig. 3 we see we can place atoms periodically along a line to have a complete dark state. Two-atom states that are not dark see a revival of their concurrence, due to multiple roundtrips of light, which ultimately will lead to total loss due to the finite quality factors of Bragg mirrors at the boundaries. In stark contrast dark states are much more robust against losses [39] because the crystal remains unpopulated (although due to retardation effects the population is never exactly zero).
Multi-unit architectures.-We show next two possible configurations to demonstrate the richness of subradiant configurations that are possible in 2D structured media. A simple way to design dark states of many atoms is by diagonalization of the dissipation matrix Γ ij , similarly to the case of only two emitters described before. The Lindblad equation is then diagonal and one can build linear combinations of its dark states to build others. Dark states of the dynamics, written as |ψ = j c j σ + j |00..0 fulfill Γ c = 0. The first configuration is represented in Fig. 2d : the four atoms have Γ c /Γ 0 = +(−)1 for equal(different)-colors, so the dissipation matrix is Γ = Γ 0 {{1, −1, 1, −1}, {−1, 1, −1, 1}, {1, −1, 1, −1} , {−1, 1, −1, 1}}. One can proceed to diagonalization of this matrix, and take as dark states any combination of its eigenvectors with null eigenvalues; an example is the four particle dark state is {1, 3, 1, −1}/(2 √ 3), with vector notation in the basis |1000 , |0100 , |0010 , |0001 (with |1000 = σ itive, way is to take pairs of Bell states known to be dark in the two-atom case and superpose them, as in Fig. 2d :
This gives a correct dark state of four particles. We have checked with the exact dynamics that indeed these states are completely dark, up to retardation effects [43] . To fill the plane with as many atoms as possible and still keep a dark state, we can fill the horizontal and vertical in the form of a cross, i.e. ((N + 1)/2, i) and (i, (N + 1)/2), i = 1...N , except for the central position. Every new square of four atoms we add, fulfills independently the conditions that allow superposing two Bell states, as before. We can further add an atom at the central position and four more atoms at the vertices of the square. This configuration, with a total of 2(N − 1) (the cross) plus 5, i.e. 2N + 3 atoms, fills the lattice with cross-talk 'paths' of value 1/2, so one could not add any more atoms and keep a totally dark state.
Multi-1D waveguide array.-We can use the tilted configuration, Fig. 3b , to produce dark states of linear arrays of atoms, where each array is radiatively independent of the other. A four atom dark state (see Fig. 4 Fig. 4 at the light-color positions, we would have a Dicke model [40] 
If instead we fill the line as the lower one of Fig. 4 we would have the jump operator
Implementation of a Dicke model allows e.g. for generation of many-atom entangled steady states [28] and of many-photon single-mode states [30] . Note that (N y − 1)/2 lines can be built in, with ∼ N x /2 atoms in each, so a dark state with a total of ∼ N x N y /4 atoms can be created. Further, Fig. 4 shows the sketch to use this idea as a parallel multi-1D setup, where each row of atoms behaves as a 1D array. Protocols designed for 1D arrays of atoms can be implemented in parallel ∼ N y /2 times, using guided resonant modes [27, 41] , with light being collected at a multi-port output, equivalent to the leaky part of a cavity. We finally remark that the Lamb-Shift interaction λ LS is zero for all the cases studied here [44] .
Discussion and outlook.-We have exploited the radiative directional interaction of emitters induced by a 2D periodic structure with reflecting boundaries. We show that the directionality is caused by frequency-degenerate linear-shaped manifolds in the substrate, which are expected to be of generic importance in 2D dispersion relations, although we present a specific mechanism that can break the linear shape in our particular case. A master equation analysis is shown to properly describe the relevant emission phenomena, as compared to an exact dynamics treatment. In stark contrast with an open-boundary 2D lattice, we find completely subradiant configurations of two atoms. We have proposed several multi-atom subradiant arrangements. In particular, using guided resonant modes with Bragg mirrors outside of the PC, allows for multiple linear arrays with 1D radiative behavior whose light can be extracted through one of the mirrors. This setup could be used to implement in a massive parallel way many protocols designed for 1D arrays of atoms.
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